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Abstract: The identification of the moment when direct flow ends and baseflow begins is one of the biggest challenges 
of hydrological cycle modeling. The objectives of this research were: to characterize the recession curves (RC) and to 
separate the components of the hydrograph in a compact model. The RC were extracted from time series in three sub-
watersheds in Mexico. An expo-linear model was adapted and fitted to the master recession curves to find the transition 
point of the hydrograph and separate the baseflow. The model discriminated the RC in two decreasing ratios: one linear 
associated to the direct flow, and one exponential linked to the baseflow. The transition point between these two flows 
was obtained analytically by equaling both ratios. The derivation of a model parameter allowed to find the maximum 
points in the hydrometric time series, which were the criterion to separate the baseflow. The application of this model is 
recommended in the analysis of RC with different magnitudes from the flexibility and attachment to the fundaments of 
exhaustion of a reservoir. 
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INTRODUCTION 
 

The hydrograph analysis generally involves the mix of both 
direct flow and baseflow. The components of the hydrograph 
can be separated through the analysis of the recession curves 
(RC), based on physical principles that govern the exhaustion 
of a reservoir (Kovács and Perrochet, 2008). The RC are de-
scribed in two stages: the first is influenced by the direct flow 
(where there is a predominance of infiltration to the saturated 
zone), and the second is called baseflow, which happens when 
the saturated zone tends to discharge (Dewandel et al., 2003). 

The quantitative analysis of the RC has been studied with 
two mathematical formulations; the Maillet formula, derived 
from an exponential function that implies a linear relationship 
between the degree of watershed saturation and its discharge 
(Maillet, 1905); and the Boussinesq equation (1904), which 
refers that the discharge of a watershed adjusts to a non-linear 
tendency. These equations do not allow the complete character-
ization of the RC (Mangin, 1970). Because of this, several 
authors have proposed more complex models that consider the 
effects of several regimes (components) within the RC 
(Drogue, 1972; Malik, 2015; Vasileva and Komatina, 1997; 
Wang and Cai, 2010). 

There are other techniques, like those proposed by Boughton 
(1986), Nejadhashemi et al. (2004), and He et al. (2016), where 
they identified the beginning of the baseflow through an empir-
ical formula and call it the inflection point. In a negative ten-
dency (exponential type) common in RC, there is no inflection 
point that can be analytically identified, so this expression is 
incorrectly used in the analysis. 

The use of master recession curves (MRC) is a practical ap-
proach to avoid obstacles when extracting RC (Tallaksen, 
1995). The MRC allow to join segments from recessions when 
there are series with limited time, incomplete, or there are too 
many recessions in a given period (Gregor and Malik, 2012). 
The importance of this approach is that it matches the central 
idea of hydrological works at the sub-watershed scale and al-

lows to reproduce the hydrological functioning with the availa-
ble information (Blume et al., 2007). 

The analysis of RC requires a function that adapts to the lin-
ear tendency of the direct flow days after maximum runoff and 
follows the exponential pattern of the runoff once the baseflow 
has begun. Therefore, the objective of this work was to present 
a simple model that characterizes the components of the hydro-
graph in a single equation and to describe a robust technique 
that separates the flow regimes in time series. 
 
MATERIALS AND METHODS 

 
The Goudriaan and Monteith (1990) expo-linear model was 

adapted for hydrological purposes. The expo-linear model 
allowed to characterize the RC as two change ratios, the maxi-
mum runoff ratio (C) which discriminated the phase associated 
with the direct flow (linear), and a relative runoff ratio (k) asso-
ciated to the baseflow (exponential). The solution to the model 
is given by:  

 
dQ C
dt

= −             ( ) ( ) bQ t C t T=− +               (1) 

 
dQ kQ
dt

= −           ( ) ( ) ( )0 exp ktQ t Q −=     (2) 

 
where Tb is the base time that occurs when the runoff Q(t) = 0, 
in the linear stage. To know the point of transition (Tt) of the 
RC, the runoff ratios must be equal. The expo-linear model is 
the solution of two types of flow represented by the differential 
equations (1) and (2), subject to the conditions given by the 
equality kQ C= . The adapted formula of the expo-linear 
model was: 
 

( ) ( )( ) ln 1 exp b
CQ t k t T
k

   =− + − −    
 (3) 
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The transition point was calculated as follows: 
 

( ) 0.541/bTtFs T k= + −  (4) 
 
where TtFs is the time when the baseflow begins (maximum 
discharge). 

The recharge-discharge relation was balanced at the Q(0) 
point, the discharge begins at this point and reaches a maximum 
value at TtFs, from here, all the tendency of the recession is 
underground discharge. 

The hydrograph components were separated under the as-
sumption that discharge is the result of the superposition of 
laminar flows (baseflow) expressed by one exponential func-
tion and a turbulent flow (direct flow) pointed out by a linear 
function (Figure 1a). The estimation of the Tb parameter al-
lowed to know the transition period in time series, which hap-
pened between the maximum runoff and the laminar flow. To 
do so, the expo-linear equation of Tb is: 

 

ln exp 1

b

kk t Q
C

T
k

   − ∗ + ∗ −      = −  (5) 

 
The equation (5) was solved and derived based on Q: 
 

( )

( )( )
/

/

exp

exp 1

Qk C

Qk C

dTb
dQ C

−=
−

 (6) 

 
The derivate was added to the equation that calculates the 

transition point: 
 

( ) 0 .541/dTbTtFb k
dQ

= + −  (7) 
 

The adjustment of the parameters of the expo-linear model 
and the formulation of the derivate of Tb allowed to estimate the 
maximum point of TtFb, by substituting Q for the hydrometric 
registries of the time series (Figure 1b). The obtained points 
were interpolated through a linear function of the 
scipy.interpolate library within the PythonRM programming 
language (Python Software Fundation) to separate baseflow. 

A concept test was done in three sub-watersheds with similar 
physiographical conditions in central Mexico (Table 1). The 
hydrometric registries of the three sub-watersheds were ob-
tained from the National Bank of Surface Waters (Banco 
Nacional de Aguas Superficiales - BANDAS, 2011). The peri-
od of the data varied from 2000 to 2009. The Recesión Curve 
RC 4.0 software was used (Gregor and Malik, 2012) to extract 
the RC. A minimum of ten days of descending registries was 
established to consider the RC. The MRC were built to adjust 
the parameters of the expo-linear model (Gregor and Malik, 
2012). The adjustment criterion was the root mean square error 
(RMSE). 

 
RESULTS 

 
Figure 2 shows the adjustment of the expo-linear model pa-

rameters for each sub-watershed. The transition time was relat-
ed with the number of days that elapses for the direct flow to be 
negligible and for the baseflow to begin. The direct flow is 
quickly discharged in sub-watershed 26178 (Figure 2a), as it 
showed the lowest point of transition (TtFs = 3.2 days), fol-
lowed by sub-watersheds 26354 (TtFs = 7.6 days) and 26056 
(TtFs = 8.8 days) (Figure 2c and 2b). The variability of the 
model was also lowest in the sub-watershed 26178 (RMSE = 
7.70). This suggests that it did not present perturbations that 
affect the form of the RC. We observed that the calculation of 
the transition point is an indicator of the perturbation in the 
discharge level of each sub-watershed, so this hypothesis will 
be evaluated in later research. 
 

 
Table 1. Physiographic variables of the study sub-watersheds. 

 
*ID Longitude 

(°) 
Latitude 

(°) 
Area  
(km2) 

*Pma 
(mm) 

*Hgv 
(mm) 

Hmin
* (m) 

*Hmax 
(m) 

*Hmed 
(m) 

*R 
(m) 

*S 
(%) Rock type 

26178 –99.81 19.53 49 841 1545 2234 3361 2477 243 6 Basalt rock and andesites  

26056 –99.07 19.57 3711 732 1538 2207 5203 2435 228 5 Gravel, sand, and lime: alluvial and 
lacustrine deposits  

26354 –99.32 19.68 207 811 1539 2245 3431 2462 217 8 Basalt rock and andesites 
 

*ID: Identification of the sub-watershed, Pma: mean annual rainfall, Hgv: mean annual evapotranspiration, Hmin: minimum altitude, Hmax: maxi-
mum altitude, Hmed: mean altitude, R: altitude range, S: slope 
 

 
Fig. 1. Components that determine a hydrograph. Flow stages determined by the expo-linear model (a). Maximum point calculated with the 
derivation of Tb (TtFb) that corresponds to the beginning of the baseflow in time series. 
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Fig. 2. Estimation of the time of transition between the direct flow 
and the baseflow, and adjustment of the parameters of the expo-
linear model. 

 
The separation of the baseflow respect to the direct flow of 

the three sub-watersheds is shown in Figure 3. Sub-watershed 
26053 (Figure 3c) lies in a discharge zone, unlike sub-
watersheds 26178 (Figure 3a) and 26354 (Figure 3b), which are 
located in recharge zones (Peñuela and Carrillo, 2013), which 
accounts for its greater direct flows. 

The maximum TtFb points did not show in the high values 
of the hydrograph. When Q begins to be constant (after the 
baseflow begins), the derivate of Tb nears zero. Because of this, 
days after the maximum runoffs, the TtFb values were more 
frequent. This is important since, generally, the equations to 
estimate baseflow are imitations of the hydrograph registries; 
this is to say, they describe in low signals any movement regis-
tered in the time series. This makes no sense from a hydrologi-
cal point of view, as underground water reaches a saturation 
point and is not logical for baseflow to keep the same tendency 
of direct flow when it shows maximum peaks. 
 
DISCUSSION 

 
The methods to separate baseflow from direct flow, such as 

graphic methods (Linsley et al., 1982; Sujono et al., 2004), 
digital filters (Chapman and Maxwell 1996; Wittemberg and 
Sivapalan, 1999), and analytical solutions of recession curves 
(Brutsaert and Nieber, 1977; Szilagyi and Parlange, 1998) have 
the difficulty of identifying the point in time when surface 
runoff stops and underground discharge begins. This transition 
point is often chosen ambiguously by diverse researchers 
(Tallaksen, 1995). 

 
 

Fig. 3. Separation of the baseflow, with reference to the derivation 
of the expo-linear model. 
 

The prevailing justification is the difficulty to find a simple 
equation that completely describes the hydrograph recession. 
That is why several regimes are considered in the discharge 
process. Padilla et al. (1994) suggested that the discharge in 
karstic systems is represented by two components: one linear, 
described by the Maillet formula associated with the recession 
of the saturated zone; and the other, non-linear, referred by a 
homographic formula related to the non-saturated zone. Malik 
(2015) implemented an iterative solution of several exponential 
and linear relationships for the hydrograph separation. 

Blume et al. (2007) developed a method to find the transition 
point, called “k constant”. Their model describes the transition 
point and allows to estimate the baseflow, as we do. However, 
it does not completely and parametrically discriminate the RC; 
this is to say, there is no parameter associated to the direct flow 
component. 

The present proposal allows to completely simulate the RC 
so it was possible to analytically find the transition time be-
tween direct flow and baseflow with a single equation. The 
adaptation of the expo-linear model to describe the recession 
curve is based on the fact that once the maximum effect in a 
storm is reached, there is a period when the riverbed mostly 
receives turbulent flow which ceases once the linear stage of 
the model reaches the transition point. This makes the proposed 
model attractive to separate the components of the hydrograph, 
with a hydrological basis, unlike other formulations that require 
experience from the modeler, or are set by fixing the equation 
(Nejadhashemi et al., 2004). 
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CONCLUSIONS 
 
The proposed method allowed to find the starting point of 

baseflow with a compact model that discriminates the recession 
curves in two components, one linear, linked to the direct flow, 
and the other exponential, attributed to the baseflow. 

The maximum points of this derivation were the criterion for 
the separation of three sub-watersheds baseflow in time series. 

One advantage of the expo-linear model is its flexibility to 
the recession curves dynamics, independently of their magni-
tude. The model simulated the recession curves in different sub-
watersheds, so it was adapted adequately to the hydrological 
principles of the reservoir exhaustion. 
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