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Abstract: Based on the data series of the annual reference crop evapotranspiration (ET,) and the amount of irrigation
water (/R) from 1970 to 2013 in the Luhun irrigation district, the joint probability distribution of ET, and IR is estab-
lished using the Gumbel-Hougaard copula function. Subsequently, the joint probability, the conditional joint probability,
and the conditional return period of rich—poor encounter situations of ET, and IR are analysed. The results show that:
(1) For the joint probabilities of rich—poor encounter situations of ET, and /R, the asynchronous encounter probability is
slightly larger than the synchronous encounter probability. (2) When /R is in rich state or ET is in poor state, the condi-
tional joint probability is larger, and the conditional return period is smaller. (3) For a certain design frequency of ET,, if
the design frequency decreases, the conditional joint probability of the amount of irrigation water will decrease, therefore
the encounter probability of them will decrease. (4) For a certain design frequency of the amount of irrigation water, if
the design frequency decreases, the conditional joint probability of ET, will increase, thus the encounter probability of
them will increase.

Keywords: Luhun irrigation district; Copula function; Reference crop evapotranspiration; Amount of irrigation

water; Encounter probability.

INTRODUCTION

The amount of irrigation water (/R) is the main factor in ir-
rigation planning and operation management in an irrigation
district (Wang et al., 2015; Zhang et al., 2017) and represents
the artificial water supply. Reference crop evapotranspiration
(ETy) is an important parameter for calculating the water de-
mand of crops. Moreover, it is the basic data in irrigation plan-
ning (Abolfazl et al., 2017; Kong et al., 2013; Li et al., 2007,
Liu et al., 2007; Luo et al., 2008; Ni et al., 2006). Irrigation
water is affected by precipitation, evaporation, temperature,
crop species, and management level (Li et al., 2017; Wang et
al., 2015), whereas ET, is influenced by meteorological factors
and the geographical environment (Fan et al., 2012; Li et al,,
2017; Wang et al., 2015). Some scholars have carried out re-
search on the statistical characteristics and evolution laws of
these two variables, respectively (Bai et al., 2004; Feng et al.,
2011; Huang et al., 2008; Lan et al., 2014; Matin et al., 2016;
Ren et al., 2007; Tong and Guo, 2013; Yan et al., 2007). These
two variables change randomly, but there is a certain relationship
between them. However, the correlation between ET, and /R
has been considered in univariate analysis all the time. Thus, it
is difficult to reflect the practical characteristics of ET, and the
changes of IR. ET, and /R are two mutually influenced hydro-
logical variables, referring to the natural water demand and the
artificial water supply in an irrigation district, respectively.
Hence, their joint distribution can show the joint statistical
characteristics of the natural water demand and the artificial
water supply, facilitating the assessment of water shortage risk.
However, the characteristics of the joint distribution of these
two factors involving their correlation have not been sufficient-
ly studied. Moreover, a study on water supply and demand of
ET, and (/R) has not yet been conducted. Therefore, it is neces-
sary to explore the joint probability, the conditional joint prob-
ability as well as the conditional return period of ET, and IR to
evaluate the water supply and demand in an irrigation district.

In this study, based on the data series of the annual ET, and
IR in the Luhun irrigation district of Henan province in China
from 1970 to 2013, a two-dimensional joint probability
distribution model of ET,, and /R is constructed using the Gum-
bel-Hougaard copula. This model can be applied to quantita-
tively analyse the joint probability, the conditional joint proba-
bility, and the conditional return period of annual ET, and /R in
various rich—poor encounter situations. Then, the water short-
age risk under the artificial water supply condition is
studied.

METHODS

Copula functions are used for establishing the joint distribu-
tion of multiple random variables, and the marginal distribu-
tions of the variates are uniformly distributed on [0, 1]. The
Sklar theorem (Song, 2012) is the theoretical basis of a copula
function, and its two-dimensional form is expressed as follows:
It is assumed that there are two continuous random variables
X and Y. Let Fy(x) and Fy(y) be their marginal distribu-

tion functions, and G(x,y) be their joint distribution function.
If Fy(x) and Fy(y) are continuous, there is a unique copula

function Cy(u,v) defined by:

G(x,)=Co(Fx (%), Fy(»)),Vx.y (1)

where Cgy(u,v) is called the copula function, € is an undeter-

mined parameter.

In hydrology and water resources, three types of symmet-
rical Archimedean cluster copula functions that contain only
one parameter are widely used (Song, 2012). The correlation
measure 7 is the Kendall rank correlation coefficient (Davis
and Chen, 2007), which describes the nonlinear correlation
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Table 1. Three types of common copula functions currently used in hydrological research.

Archimedean copula Cy (u, V) Parameter value Relation between 7 and ¢
—6u —Ov
e —1)(e ™ -1) 4 1.0 ¢
Frank ( r=1——|—| —————dt—-1
ra —1n{1+ — O R 7] 6-[9 exp(t)—1
e’ -1
-1/6 6
Clayton (u_€+v_9—l) / >0 T=——
6+2
6 0\/0 1
Gumbel-Hougaard exp —((—lnu) +(-Inv) ) 6>1 TZl_E
between the variables and has a corresponding relationship with “ET0 —a—Irrigation water amount
the parameters of the copula function, as shown in Table 1. 1200 25
Based on this, after determining the relationship between the AN t ,/\ E
marginal distribution function and the measurement variables, 1000 I;“'/‘\;\/\(:‘."f“‘/ WI\\/' ’ ::E-
the copula joint distribution functions of the two variables can £ 800 | I‘. "", t ;".‘ AA A ) 23 £
be obtained by Table 1. Using Kolmogorov-Smirnov (K-S) :E= ~ /7] i\ P
inspection for performing fitting test and the ordinary least = o \ ‘ 15 E
squares (OLS) for evaluating goodness-of-fit, the most suitable 400 |/ : 1 3
copula functions to describe the correlation of the variables are 200 { | ! 05 E

chosen.

PRACTICAL APPLICATION
Research area

The Luhun irrigation district, with a total irrigation area of
1838.48 km’, is the fourth largest irrigation district in the west-
ern Henan province in China. Henan Province is the most popu-
lous agricultural province in China. The Luhun irrigation
district is located in a hilly area and crosses the Yellow River
and the Huai River. The Gross Domestic Product of the Luhun
irrigation district is moderate. However, agricultural develop-
ment lags behind partly because there are three poverty-stricken
counties. The irrigation areas are mainly located on both sides
of the Yi River (the second tributary of the Yellow River),
south of the Luo River and north of the Ru River. The irrigation
water in the Luhun irrigation district is from the Luhun reser-
voir, which is on the upper reaches of the Yi River, and the
annual amount of irrigation water is approximately
1.82x10% m®. The irrigation district has a continental monsoon
climate, and its annual average rainfall is only 611.02 mm.
However, evaporation attains 1034.32 mm, which is due to
meteorological drought. Recently, owing to the decrease of the
Yi River’s runoff, the water storage capacity of the Luhun
reservoir has been severely reduced, which greatly influences
irrigation activities.

The data series in the Luhun irrigation district involves daily
meteorological data and the annual amount of irrigation water
from 1970 to 2013. The irrigation water of the Luhun Irrigation
District comes from the Luhun Reservoir located on the upper
reaches of the Yi River and represents the artificial water sup-
ply. The Penman-Monteith formula recommended by FAO in
1998 was used to calculate the annual ET, from 1970 to 2013,
as shown in Fig. 1.

Joint probability distribution model of ET,and IR

According to the data series of annual ET, (mm) and /R
(10* m®) in the Luhun irrigation district from 1970 to 2013, the
joint probability distribution model was constructed using a
copula function. The model expression is given by Eq. (2), and
the specific modelling process can be found in Zhang et al.
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Fig. 1. Data series of ETy and /R in the Luhun irrigation district.

(2017). X and Y represent the frequency of ET, and IR,
respectively. It assumed that u and v are the marginal distribu-

tion of annual ET, and IR, respectively. Let F(x,y) be their
joint probability distribution. The expression of F(x,y) based

on the Gumbel-Hougaard copula function is:

2
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Application analysis
Joint probability analysis of rich—poor encounter situations

The data series of the annual ET,, and /R in the Luhun irriga-
tion district from 1970 to 2013 obey the GEV and normal dis-
tribution, respectively (Zhang et al., 2017). Frequency analysis
is commonly used to classify the annual average flow series.
Frequency less than 37.5% corresponds to the ‘rich’ state, and
frequency more than 62.5% to the ‘poor’ state. Frequency be-
tween 37.5% and 62.5% is the ‘normal’ state.

Thus, the values pf = 37.5% and pk = 62.5% are used for

classifying a state as ‘rich’ and ‘poor’ of the annual ET, and /R
in the Luhun irrigation district, respectively. Then, the estab-
lished two-dimensional copula joint distribution model is used
to analyse various rich—poor encounter situations.

The numerical division of the annual ET, and /R according
to the frequency distribution curve is shown in Table 2.

Table 2. Classification standards of rich—poor states between ET,
and /R.

Frequency o o
Variables 37:5% 62.5%
ETo (mm) 1071.9 1035.1

Irrigation water (10° m®) 2.05 1.61

280



Encounter probability analysis of irrigation water and reference crop evapotranspiration in irrigation district

The frequency method is used to classify the rich—poor en-
counter situations of the annual ET, and /R into nine types that
are further classified as synchronous and asynchronous as fol-
lows:

Rich-rich: p;=P(X 2x,,.Y 2y, );

Rich—normal: p, =P(X2xpf,ypk < Y<ypf);
Rich—poor: p; =P(X prf,YSypk) ;

Normal-rich: p, :P(xpk <X<x, -,YZypf) ;
Normal—normal: ps = P(xpk <X <Xy, Y <Y< ypf) ;
Normal—poor: pg = P(xpk <X <x,,Y< ypk) ;
Poor-rtich: p, =P(XSxpk,Y2 y,,f);

Poor—normal: pg = P(X SXpoVpe <Y < ypf) ;
Poor—poor: py :P(XSxpk,YSypk).

After the calculation, the results of the rich—poor encounter
analysis of the annual ET, and /R in the Luhun irrigation dis-
trict are shown in Table 3.

Table 3 shows the following:

(1) The encounter probability of ‘Rich—rich’ is the highest
among these nine situations, which is up to 21.45%.

(2) Among the synchronous probabilities of ET, and /R,
there are few differences between the probabilities of
‘rich—rich’ and ‘poor—poor’ (21.45% and 20.14%, respective-
ly), and ‘Normal—normal’ is the lowest (7.91%).

(3) Among the asynchronous probabilities of ET, and IR, the
encounter probability of ‘Rich—normal’ (or ‘Normal-rich’) is
the lowest among these nine situations, which is 7.89%; the
encounter probability of ‘Rich—poor’ (or ‘Poor—rich’) is 8.16%;
the encounter probability of ‘Normal—poor’ (or ‘Poor—normal’)
is 9.20%. There are few differences among these six types of
asynchronous probabilities.

(4) In total, the asynchronous probabilities of ET,, and IR are
higher than synchronous probabilities, which are 50.50% and
49.50%, respectively, but their differences are not significant.

Encounter probability analysis of conditional joint probability
(CJP) and conditional return period (CRP) in rich and poor state

When ET, is in rich state

Xpp SX Sx

Xzx,, normal state

or poor state X <x,, , the CJP and the corre-

o pk >
sponding CRP of /R not exceeding a given value are given by

Eq. (3) and Eq. (4), respectively.

:FY(y)_F(xnf’y)
1= Fy (x,)

_F(x02) = F (007)
Fy (%) = Fie ()

3)

4)

FYi‘xk (X’Y;)

where Fy\x(') represents the CJP of /R and Ty\x(°) represents

its corresponding CRP.
When JR is in rich sate

Ype SY <y, or poor state ¥ <y, , the CIP and the corre-

Y2y, , normal state

sponding CRP of ET, exceeding a given value are given by Eq.
(5) and Eq. (6), respectively.

X\y (Xi P(X 2x|Y 2y, )=

Y)=
:l_FY(ypf) +F(x ypf)
1-F (ypf)

(X,.Y)=P(X;2x|y, <Y<y, )=

Xi\yp
) )=l )+ Pl
Fy (o )= Fr (i)

(X,.¥)=P(X;2x|y <y, )=

®)

pam
=FY(ypk)_F(x’ypk)
FY(ypk)

1
(X,

i

X, Y)=
Xi‘yf( v ) FX"yf
i

1
(XpY)=———3 (©)
Xi‘)’p (XI’Y)

Yy

Xi‘yp

Ty (61
X

i‘yk (XI’Y)

where F | ,(#) represents the CJP of ETy, and T x| ,(#) repre-

sents its corresponding CRP.

Table 3. Encounter probabilities (%) of synchronous—asynchronous encounter between ET, and /R.

Synchronous probabilities

Asynchronous probabilities

Rich— Normal— Poor— Rich— Rich— Normal— Normal— Poor— Poor—
. Total . . Total

rich normal poor normal poor poor rich rich normal
21.45 7.91 20.14 49.50 7.89 8.16 9.20 7.89 8.16 9.20 50.50
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Fig. 2. CJP and CRP of IR not exceeding a given value.
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Fig. 3. CJP and CRP of ET, exceeding a given value.

Fig. 2 shows the values of CJP and CRP of /R not exceeding
a given value when ET) is in rich, normal, and poor state. The
results are as follows:

(1) When IR increases, the CJP of /R increases, whereas the
CRP of IR decreases.

(2) When ET, is in rich state ( ET, 21071.9 mm ), the CJP of
IR is minimum, whereas the CRP of /R is maximum. By con-
trast, when ET, is in poor state (ET, <1035.1mm), the CJP

and the CRP of /R exhibit the inverse results: the CJP is maxi-
mum, whereas the CRP is minimum.

(3) When ET is in rich state (ET; >1071.9 mm ), the CJP

when IR is less than 1.0x 10", 2.0x10°, and 3.0x10° m’ are approx-
imately 0.04, 0.40, and 0.91, respectively. The corresponding
values of the CRP are approximately 23.87,2.51, and 1.10 years.

(4) When ET, is in normal state (1035.1 mm < ET, <
1071.9 mm), the CJP when IR is less than 1.0x10%, 2.0x10%,
and 3.0x10° m’ are approximately 0.09, 0.63, and 0.98, respec-
tively. The corresponding values of the CRP are approximately
11.3, 1.54, and 1.02 years.

(5) When ET, is in poor state ( ET, <1035.1 mm ), the CJP

when IR is less than 1.0x 10", 2.0x10°, and 3.0x10° m’ are approx-
imately 0.17, 0.77, and 0.99, respectively. The corresponding
values of the CRP are approximately 5.86, 1.23, and 1.01 years.

From (3) and (4), it can be concluded that when ET, is in
rich and normal state and /R is in normal and poor state, the
probabilities that the artificial water supply cannot meet water
demand are small. However, from (5) we can know that when
ET, is in poor state and /R is in rich state, the probability is up
to 0.99, which means that there may be a phenomenon of wast-
ing water resources in the irrigation district. This information
may facilitate irrigation regulation.

50
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Jp——. ETU-normaI

40

'
1
H
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i
1

Conditional Return periodiyear

Irrigation water amount/10°m?
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Fig. 3 shows the value of CJP and CRP of ET, exceeding a
given value when /R is in rich, normal, and poor state. The
results are as follows:

(1) When ET, increases, the CJP of ET, decreases, whereas
the CRP of ETincreases.

(2) When IR is in rich state (IR >2.05x10% m®), the CJP of
ET, is maximum, whereas the CRP of ET, is minimum; by
contrast, when IR is in poor state ( IR <1.61x10% m*), the CJP

and CRP of ET, exhibit the inverse results: the CJP is mini-
mum, whereas the CRP is maximum.

(3) When IR is in rich state (IR >2.05x10% m?), the CJP

when ET, is greater than 950 mm, 1050 mm, and 1150 mm are
approximately 0.97, 0.65, and 0.08, respectively. The corre-
sponding values of the CRP are approximately 1, 1.48, and 12.5
years.

(4) When IR is in normal state (1.61x 10 m* < IR <
2.05%10° m3), the CJP when ET, is greater than 950 mm,
1050 mm and 1150 mm are approximately 0.93, 0.43, and 0.04,
respectively. The corresponding values of the CRP are approx-
imately 1.02, 2.23, and 25 years.

(5) When IR is in poor state (IR <1.61x10% m*), the CJP

when ET, is greater than 950 mm, 1050 mm and 1150 mm are
approximately 0.87, 0.28, and 0.02, respectively. The corre-
sponding values of the CRP are approximately 1.15, 3.57, and
50 years.

From (4) and (5), it can be concluded that when IR is in
normal and poor state and ET, is in rich and normal state the
probabilities that the artificial water supply cannot meet water
demand are small, which means that it is less likely to be unco-
ordinated of water supply and demand. However, from (3) we
can know that when /R is in rich state and ET, is in poor state
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the probability is up to 0.97, which means that water using may
be not reasonable in the irrigation district. Thus, the water
supply cannot meet demand in the low frequency and long
return period.

Analysis of the CJP and CRP with a certain design frequency

The smaller CJP and longer CRP of either /R or ET, indi-
cates that the artificial water supply can mostly satisfy the water
demand, but when the extremely water supply—demand situa-
tions occur, whether water supply—demand is coordinated is
very important. Thus, the CJP and CRP of IR (or ET,) with a
certain design frequency of ET, (or /R) need to be considered
as follows:

Condition I:

P(Y<y|X2x)=
1-Fy(x
Q)
r(r sz pr—
T P(Y<ylx2x)

where P(YSy|X2x) is the CJP of IR in poor state not
exceeding a certain design frequency when ET, in rich state
exceeds a specific frequency, and T’ (Y < y|X = x) is the corre-

sponding CRP.
Condition II:

®)

where P(X >x|Y'<y) is the CJP of ET, in rich state exceed-
ing a certain design frequency when /R in poor state does not
exceed a specific frequency, and T (X 2x|Y < y) is the corre-
sponding CRP.

These two types of CJP and CRP reflect the probability of
unbalanced phenomenon of artificial water supply and demand,
and reveal the corresponding water resources utilization. The

results of the CJP and the CRP are shown in Tables 4 and 5,
respectively.

Table 4 shows that when the frequency of ET, in rich state
exceeds a certain design frequency, the CJP of IR decreases as
the design frequency of ET, decreases, and the encounter proba-
bility of these two variables decreases. The results are as follows:

(1) When the frequency of ET, in rich state exceeds a certain
design frequency, the probability of /R being in extremely poor
state without exceeding the design frequency of 95% is less
than 0.015, and the CRP is considerably long (the minimum is
66.67 years, the maximum is 200 years). Thus, in such an ex-
treme situation, irrigation water cannot meet demand within
66.67-200 years. Therefore, the probability of unbalanced
phenomenon of water supply and demand in irrigation district
is low.

(2) When the frequency of ET in rich state exceeds a certain
design frequency, the probability of /R being in poorer state
without exceeding the design frequency of 90% and 75% is less
than 0.13 (respectively, 0.015-0.040, 0.046—0.126), and the
CRP is longer (respectively, 25.00—66.67 years, 7.94-21.74
years).

(3) When the frequency of ET in rich state exceeds a certain
design frequency, the probability of /R being in poor state
without exceeding the design frequency of 62.5% is less than
0.20. In addition, the maximum CRP is 13.89 years, and the
minimum is 5.13 years.

Thus, it can be concluded from Table 4 that the probability
of severe water shortage is low when the frequency of water
demand exceeds a certain design frequency in the irrigation
district.

Table 5 shows that when /R in poor state does not exceed a
certain design frequency, the CJP of ET, increases as the design
frequency of IR decreases, and the encounter probability of
these two variables increases. The results are as follows:

(1) When the frequency of /R in poor state does not exceed
the design frequency, the probability of ET, in extremely rich
state exceeding the design frequency of 5% is less than 0.033,
and the CRP is considerably long (the minimum is 30.30 years,
the maximum is 47.62 years).

(2) When the frequency of IR does not exceed the design
frequency, the probability of ET, in richer state exceeding the
design frequency of 25% and 10% is less than 0.122, and the
CRP is longer (respectively, 8.20—12.20 years, 18.52—29.41
years).

(3) When the frequency of /R does not exceed the design
frequency, the probability of ET, in rich state exceeding the
design frequency of 37.5% is less than 0.161, and the average
CRP is 7.78 years.

Table 4. CJP I and CRP I of /R when ET in rich state exceeds a certain design frequency.

IR (10* m’) 0.7 1.0 1.4 1.6 IR (10* m?) 0.7 1.0 1.4 1.6

ET, (mm) P% 95 90 75 62.5 ET, (mm) P% 95 90 75 62.5

P 1071.9 37.5 0.015 0.040 0.126 0.195 - 1071.9 375 66.67 2500  7.94 5.13
I 1079.2 25 0.012 0033 0.100 0.156 I 1079.2 25 8333 3030 10.00  6.41
1102.7 10 0.007  0.020  0.063  0.099 1102.7 10 14286  50.00 1587  10.10
1113.2 5 0.005 0.015 0.046 0.072 1113.2 5 200.00 66.67 21.74 13.89

Table 5. CJP II and CRP II of ET, when /R in poor state does not exceed a certain design frequency.

ET, (mm) 10719 10792 11027 11132 ETo(mm) 10719 10792 11027 11132
IR (108 m*) P% 37.5 25 10 5 IR (108 m’) P% 375 25 10 5

cIp 0.7 95 0.107  0.082  0.034  0.021 CRP 0.7 95 9.35 1220 2941  47.62

I 1.0 90 0.117  0.090  0.038  0.024 I 1.0 90 8.55 11.11 2632 41.67

1.4 75 0.143  0.107  0.047  0.029 1.4 75 6.99 9.35 2128 3448

1.6 62.5 0.161  0.122  0.054  0.033 1.6 62.5 6.21 8.20 1852 30.30
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From the analysis of Table 4 and 5, the CRP of /R in poor
state without exceeding the design frequency when the frequen-
cy of ET, in rich state exceeds a certain design frequency, and
the CRP of ET, in rich state exceeding the design frequency
when the frequency of /R in poor state does not exceed the
design frequency are considerably long, which means that the
probability of the extremely water supply—demand occurring in
the irrigation water system is very low. At the same time, the
analysis indicates that water supply and demand in the irriga-
tion district is relatively coordinated.

CONCLUSION

Using Gumbel-Hougaard copula function, the joint distribu-
tion model of the amount of irrigation water and reference crop
evapotranspiration was constructed. The frequency of
rich—poor encounter situations, the CJP, and the CRP of the
amount of irrigation water and reference crop evapotranspira-
tion were analysed to study the unbalanced phenomena in arti-
ficial water supply and demand conditions. The following con-
clusions can be concluded:

(1) The asynchronous frequency was found to be slightly
larger than the synchronous frequency in the Luhun irrigation
district. Thus, water supply and demand of irrigation district
may be in high risk of incoordination, but the probability of
extremely uncoordinated artificial water supply and demand
(rich IR, poor ET, or rich ET,, poor /R) is not high.

(2) Using the established joint probability distribution of ET,
and /R for a specific ET, or /R, the encounter probability of
artificial water supply and demand was estimated. Similarly,
the probability of water shortage exceeding ET, or not exceed-
ing /R was also obtained. Thus, the water supply and demand,
and utilization of water resources in irrigation district could be
described and evaluated quantitatively.

(3) Regardless of the design frequency of reference crop
evapotranspiration or the amount of irrigation water, severe
water supply—demand issues would not occur in the irrigation
district. This is of great significance for the development of the
irrigation system, the optimal allocation of regional water re-
sources, and other practical problems in the irrigation district.
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