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Abstract: Full-width sharp-edged broad-crested rectangular weirs in the range 0.1 < h/L ≤ 0.3 situated in rectangular 
channels are frequently used in submerged flow conditions. To determine the discharge for the submerged flow,  
submergence coefficient and modular limit shall be known. This article deals with their determination upon a theoretic 
derivation and experimental research. The equation for modular limit has been determined from energy balance with 
simplifications. To validate it, extensive experimental research was carried out. However, the derived equation is too 
complicated for practical use which is why it was approximated by a simple equation applicable for the limited range. 
The equation for submergence coefficient was derived by modifying Villemonte's application of the principle of super-
position and its coefficients were determined using the data from experimental research of many authors. The new sys-
tem of equations computes the discharge more accurately than other authors' equations, with the error of approximately 
±10% in full range of the measured data. 
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INTRODUCTION 
 

According to the length of weir in direction of flow, L, weirs 
of finite-crest width for free flow are classified as (Govinda 
Rao and Muralidhar, 1963): long-crested weirs 0.0 < h/L ≤ 0.1, 
broad-crested weirs 0.1 < h/L ≤ 0.4, short-crested weirs 
0.4 < h/L ≤ 1.5 to 1.9, and sharp-crested weirs 1.5 to 1.9 < h/L, 
where h is the upstream head over the weir crest (Fig. 1). In the 
text below, broad-crested weirs with sharp (square) upstream 
and downstream edges, with rectangular longitudinal and cross 
section profiles in the range 0.1 < h/L ≤ 0.3 are considered. In 
this range the parallel flow will occur on the weir crest (Bos, 
1989) and discharge coefficient for free flow is in effect inde-
pendent of h/L (Zachoval et al. 2014a). Many authors carried 
out experimental research with free overflow to determine the 
discharge coefficient (Azimi et al., 2014; Bazin, 1896; Bere-
zinsky, 1950; Crabbe, 1974; Doeringsfeld and Barker, 1941; 
Goodarzi et al., 2012; Hager and Schwalt, 1994; Kašpar, 2015; 
Keutner, 1934; Madadi et al., 2014; Major, 2013; Prentice, 1941 
(in Stevens et al., 1941); Rafter, 1900; Sahasrabudhe, 1972; 
Singer, 1964; Sreetharan, 1983, Tim, 1986; Woodburn, 1932; 
Zachoval et. al., 2014a) and many authors determine it theoreti-
cally (Pavlovsky, 1937; Skogerboe et al., 1967; Tim, 1986). 

Sharp-edged broad-crested rectangular weirs are usually de-
signed and operated in submerged flow conditions. One of their 
biggest advantages compared to other weir types is the high 
value of modular limit (Bos, 1989), which is the state on the 
boundary of free and submerged flow. Submerged flow may 
appear on weirs with little difference between the water levels, 
especially in extreme discharge conditions. To determine the 
discharge for submerged flow, submergence coefficient 
(drowned flow-reduction factor) which corrects the discharge 
value compared to the free flow shall be known. 

In the case of relatively high sharp-edged broad-crested 
weirs, where the discharge coefficient and the submergence 
coefficient are basically independent of relative weir height 

above the channel bed, the information on modular limit and 
the submergence coefficient are described well (Bos, 1989; 
Pavlovsky, 1937; USACE, 1977). As for the relatively low 
weirs, where the modular limit and the submergence coefficient 
are greatly affected by relative weir height, the information is 
less detailed and considerably differs. It is one of the reasons 
why many authors do not recommend measuring of the dis-
charge in submerged flow conditions (Bos, 1984; Hager, 2010; 
Hager and Schwalt, 1994; Horton, 1907). Due to the above fact, 
extensive research was carried out focusing on determination of 
the modular limit and submergence coefficient for a full-width 
sharp-edged broad-crested rectangular weir in the ranges of 
0.1 < h/L ≤ 0.3 and 0.1 < h/P < 3.0, where P is the weir height. 
 
LITERATURE REVIEW  

 
In the long term, the submerged flow was dealt with by a 

large number of researchers whose summary is listed e.g. by 
Horton (1907) and Skogerboe et al. (1967). The studies mostly 
focused on thin-plate weirs. A substantially lower number of 
researches concentrated on rectangular short-crested (Azimi et 
al., 2014) and broad-crested weirs. 

For flows over broad-crested weirs, modular limit used to be 
determined, less often the submergence coefficient. An exten-
sive experimental research on modular limit of round-nosed 
broad-crested weirs was published by Woodburn (1932). 
Modular limit and submergence coefficients of various broad-
crested weir types were experimentally studied by Berezinskij 
(1950). Skogerboe et al. (1967) derived an equation for calcula-
tion of discharge for submerged flow from the momentum 
analysis of flow. Harrison (1967) derived modular limit for 
weirs with round-nosed upstream corner of crest depending on 
relative weir height above the outflow channel bed. Sahasrab-
udhe (1972) carried out experimental research on determination 
of submergence coefficient for round and sharp upstream edge 
of the weir crest. USACE (1977) recommended graphical de-
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pendence to determine the submergence coefficient. Nikolov et 
al. (1978) summed up and particularized recommendations for 
calculation of submergence coefficient. Bos (1984) recom-
mends determination of modular limit upon mechanical energy 
analysis. Tim (1986) performed measurements with the stress 
laid on the effect of the rounding of upstream edge on the sub-
mergence coefficient. Hager and Schwalt (1994) determined 
modular limit through an experiment and expressed the sub-
mergence coefficient by means of the index of the tailwater 
flow depth χ = (hf − hf0)/(H − hf0), where hf is the submergence 
head, H is the total head and hf0 is the submergence head for 
modular limit. Bukreev (2001) studied flow over a submerged 
weir of relatively small height. Wols (2005) carried out experi-
mental research focusing on the measurement of water level 
and defined the submergence coefficient upon the Villemonte's 
analysis under submerged flow conditions (Villemonte, 1947). 
ISO 3846 (2008) recommended determination of modular limit 
and submergence coefficient solely for the specific weir geome-
try. Azimi et al. (2014) defined modular limit and submergence 
coefficient on the basis of their measurements. Geometric pa-
rameters and ranges of experimental research of the above 
listed authors are shown in Table 1. In spite of the rather exten-
sive number of researches into the issue, the results are ambig-
uous and the values of modular limit and submergence coeffi-
cient have not been determined and verified for the entire appli-
cable scope of geometric layouts (h/P), which is the subject of 
the research carried out by authors of this article. 
 
HEAD-DISCHARGE RELATIONSHIP 

 
Subscripts at quantities in the text below specify affiliation 

with the U, C, T, E, D profile (Fig. 1) or to a section specified by 
the profiles. The “0” subscript indicates modular limit conditions. 

Full-width sharp-edged broad-crested rectangular weir in a 
horizontal channel of rectangular cross-section (ISO 3846, 
2008) is considered. PU is the upstream weir height, PD the 
downstream weir height and b the weir width. The flow is 
caused by gravitational acceleration g and is characterised by 
total head over the weir H in the U profile (Fig. 1) 
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and the submergence total head Hf in the D profile (Fig. 1) 
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where h is the head over the weir, hf is the submergence head, 
αU and αD are kinetic energy coefficients (Coriolis coefficient) 
in profiles U and D and Q is the discharge. The U profile is 
situated 3h to 4h (ISO 3846, 2008) in front of the upstream face  
of the weir where the drawdown curve caused by the overflow 
is negligible. The D profile is located 10h (ISO 3846, 2008) 
behind the downstream face of the weir where the water level is  
not affected by the overflow. Measurements show that kinetic 
energy coefficient varies between 1.02 < αU < 1.06 (Zachoval 
et al., 2012b) and αD = 1.11 (Zubík, 2006). 

The equation for Q is derived from Bernoulli's equation for 
the above profiles and from the continuity equation 
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where Cf is the submergence coefficient and Cd the discharge 
coefficient. Cf expresses reduction of the flow due to submerg-
ence, Cd expresses energy loss for free overflow. As H cannot 
be directly measured, the following equation is recommended 
to define Q 
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where Cv = (H/h)3/2 is the approach velocity coefficient to be 
determined iteratively or read from the relation 
Cv = f{αU

1/2·Cd·h/(h + PU)} presented by Bos (1989, Figure 1.12). 
 
Modular limit  

 
Modular limit can be expressed by the ratio of h/hf0 or H/Hf0 

(Harrison, 1967). The modular limit may be determined exper-
imentally (Azimi et al., 2014; Berezinskij, 1950; Tim, 1986), 
numerically (Wols, 2005) and analytically. Present analytic 
derivations are only known for weirs where critical flow  
 

 
 
 
 
 

Table 1. Geometry and range of flow parameters. 
 

Author h (m) L (m) P (m) b (m) h/L h/P h/b 
Azimi et al. (2014) 0.030–0.139 0.076–0.304 0.076 0.400 0.11–1.83 0.39–1.83 0.07–0.35 
Berezinsky (1950) 0.060–0.101 0.500 0.107 0.900 0.12–0.20 0.56–0.94 0.07–0.11 
Hager and Schwalt (1994) 0.030–0.181 0.500 0.401 0.499 0.06–0.37 0.07–0.45 0.06–0.36 
Halliwell and Hill (1967) from Markland et al. (1967) 0.040–0.079 0.229–0.457 0.038–0.152 0.284 0.09–0.34 0.27–1.90 0.14–0.28 
Sahasrabudhe (1972) 0.060–0.603 0.15–0.30 0.151–0.308 0.460 0.21–3.09 0.21–3.93 0.13–1.31 
Tim (1986) 0.031–0.122 0.305 0.102 0.254 0.10–0.40 0.305–1.20 0.12–0.48 
Wols (2005) 0.134–0.187 1.00 0.150 0.4 0.134–0.187 0.89–1.25 0.34–0.47 

 

 
Fig. 1. Longitudinal profile of weir at modular limit. 
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appears along the whole crest length (rounded or bevelled up-
stream edge) and are based on mechanical energy analysis 
(Bos, 1984) and momentum analysis (Harrison, 1967). Howev-
er, flow separation zone (Zachoval et al., 2012a) and undular 
hydraulic jump (Hager and Schwalt, 1994) form on weir crest, 
which is why the above analytic derivations are unsuitable and 
provide incorrect results. 

The new analytic derivation respecting the flow separation 
zone and the hydraulic jump on weir crest is based on energy 
balance at modular limit (Fig. 1). The derivation neglects the 
effect of surface tension and effect of friction on side hydrau-
lically smooth walls, which – in the case of free flow – means 
h ≥ 0.06 m and h/b ≤ 0.5 (Zachoval, 2015). To define the spe-
cific discharge q, Equation (3) is then applied 
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where vi and hi are mean velocity and depth in the profile i = U, 
C, T, E, D (Fig. 1). Total head loss is calculated as a sum of 
individual head losses under the presumption they do not affect 
one another. To determine them, profiles are defined: C which 
is 2.7H behind the upstream edge of weir crest where flow is 
contracted (Zachoval et al., 2012a); T at peak of the first wave 
of undular hydraulic jump; and E at the downstream edge of the 
weir crest. 

Between the U and C profiles, the head loss hzUC appears for 
free flow. Due to the formation of flow recirculation zone 
whose height and length partly depends on the H/PU ratio (Za-
choval et al., 2012a), it is to be defined from the depth hC (in C 
profile) where the flow is approximately parallel. After Equa-
tion (5) is applied, the head loss in free flow conditions is 
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where αC is kinetic energy coefficient in profile C. 
Between the C and E profiles, head loss from undular hy-

draulic jump, hzCT, and head loss caused by friction on weir 
crest, hzCE, appear. Expression of the head loss respecting con-
currently the friction loss and the hydraulic jump loss for 
Froude number FrC = vC/(g·hC)1/2 > 2 is known and verified 
(Noor Afzal et al., 2011) but not for the undular hydraulic jump 
on the crest of broad-crested weir where Froude number varies 
in the range 1.26 < FrC < 1.43 (0.1 < h/PU < 3). Summary in-
formation about undular hydraulic jump is described by Chan-
son (2009) and Montes and Chanson (1998). Information about 
wave profile of undular jump on the smooth crest is described 
by Berezinsky (1950), Bukreev (2001), Hager and Schwalt 
(1994) and Wols (2005). Due to the difficulty to describe the 
loss on the crest and the relatively low significance of the total 
loss (Fig. 6), the assumption of hydrostatic pressure distribution 
was presumed. Two simplified separate formulas have been 
used. The head loss caused solely by the hydraulic jump is 
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where water depth, hT, is determined from flow momentum 
analysis. After Equation (5) is applied, the equation for depth is 
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 (8) 
After Equation (8) is used in Equation (7), head loss caused 

solely by hydraulic jump can be expressed 
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Head loss by friction on weir crest, hzCE, appears along the 
LCE = L – 2.7·H length. In effect, friction does not occur at the 
distance up to 2.7H, as there is a wake. As one to three waves 
of hydraulic jump form on the weir crest and the individual loss 
has rather low significance for the total loss (Fig. 6), mean 
depth of the flow, hCE, at uniform flow is used for simplified 
expression of hzCE. After the substitution in Equation (8) 
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After applying Equation (5), mechanic energy gradient, iCE, 
for uniform, fully turbulent flow is determined from the equa-
tion (García, 2008) 
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where ksCE is hydraulic roughness of weir crest surface, vCE the 
mean velocity and Ck the coefficient of proportionality (Brown-
lie, 1981). Head loss by friction on weir crest, hzCE, after substi-
tution of Equations (11) and (5) is then 
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 (12) 
In profile E, the head loss is caused by sudden expansion of 

cross section, hzE, which, assuming an idealised uniform flow in 
outflow channel and after Equation (5) is applied, results in 
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where hD is the depth in profile D and ξE the minor loss coeffi-
cient for vertical downstream weir face. 

Between profiles E and D, the head loss hzED is caused by 
friction. Under the presumption of idealised uniform flow in 
outflow channel and after Equation (5) is applied 
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where LED is the length of the section between profiles E and D 
and ksED is hydraulic roughness of outflow channel bed between 
profiles E and D. 

Modular limit expressed by the ratio of Hf0/H is then deter-
mined from Bernoulli's equation  

 

0 UC CT CE E ED1f z z z z zH h h h h h
H H H H H H

= − − − − − . (15) 

After Equation (8) is substituted in equations for individual 
head losses (6), (7), (12), (13) and (14) and after they are sub-
stituted in Equation (15), and under the simplifying assumption 
that hD = PD + hT (idealised flow in outflow channel is uniform 
and water level upstream and downstream the local loss is 
identical), equation for direct determination of Hf0/H is obtained 
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The equation includes coefficients and ratios that need to be 

quantified. Measurements show that kinetic energy coefficient 
in profile C is αC = 1.03 (Hager and Schwalt, 1994), simplified 
αC = 1.0; in profile D it is αD = 1.11 (Zubík, 2006), simplified 
αD = 1.1. 10% change in the value of αD results in the change in 
Hf0/H by maximum 3%. ξE = 1 applies for vertical downstream 
weir face (Brater et al., 1996). In the range of 5 < ks/h < 500, 
Ck = 8.1 (García, 2008) is considered. Values of ksCE and ksED 
are determined according to the surface material (Idel´chik, 
1966). For smooth surfaces (considered below) and h ≥ 0.06 m, 
ks = 0.00013 m is used. For h ≥ 0.06 m, 0.12 ≤ h/L ≤ 0.30 and 
h/b ≤ 0.5, Cd is defined from equation (Zachoval, 2015; Za-
choval et al., 2014) (R2 = 0.98): 
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Relation between Cd and h/PU with values measured by 
many authors is shown in Fig. 2 (Zachoval et al., 2014a). 

Upon the measurement (Zachoval, 2015), the hC/H ratio for 
h ≥ 0.06 m, 0.08 ≤ h/L ≤ 0.30 and h/b ≤ 0.5 (R2 = 0.98) is:  
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Fig. 2. Relation between Cd and h/PU for h ≥ 0.06 m, 
0.10 ≤ h/L ≤ 0.30, h/b ≤ 0.5. 

 
Using the above method, modular limit can be determined 

for any full-width sharp-edged broad-crested rectangular weir 
in scope of validity of empirical Equations (17) and (18). To 
verify validity of the above derivation, data acquired through 
experiments are necessary. As they had not been measured in 
the required range, experiments were carried out. The experi-
ments are described in section EXPERIMENTS; verification is 
in section EVALUATION. 
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Fig. 3. From the top: channel BUT 0.5 with weir P = 0.300 m, 
channel BUT 1 with weir P = 0.113 m, channel SUTB with weir 
P = 0.150 m. 

 
To justify the use of the simplifications described above, the 

significance of individual head losses on total head loss had to be 
analysed. The analysis is presented in section EVALUATION. 
 
Submergence coefficient 

 
The submergence coefficient, Cf, is derived by modifying 

Villemonte's application of the principle of superposition (Vil-
lemonte, 1947). The modification consists in relating H and Hf 
to the total submergence head at modular limit (not to the weir 
crest level), i.e. to Hf0. The discharge given by H − Hf0 is then  

 

( )
3/ 2

3/ 21/ 2
0

2

3u d fQ C g b H H = ⋅ ⋅ ⋅ ⋅ − 
 

 (19) 

 

and discharge given by Hf − Hf0 is 
 

( )
3/ 2

3/ 21/ 2
0

2

3d dd f fQ C g b H H = ⋅ ⋅ ⋅ ⋅ − 
 

, (20) 

 

where Cd and Cdd are discharge coefficients. Cf is determined by 
discharge ratio in submerged flow conditions, Q = Qu − Qd, and 
discharge in free flow conditions, Qu; after substitution in Equa-
tions (19) and (20) 

( )
( )

3/2
0

3/2
0

1 1

CmCm
dd f fd

f
u u d f

C H HQ QC
Q Q C H H

 ⋅ −   = = − = −      ⋅ − 

. (21) 

 

Provided that Cdd /Cd = C, the equation is reduced to 
 

3/2
0

0

1

Cm
f f

f
f

H H
C C

H H

  − = − ⋅   −  

, (22) 

where C is a proportional coefficient and Cm a power law expo-
nent which need to be determined through an experiment. 
 
EXPERIMENTS 

 
Experiments were carried out in three channels (flumes) 

(Table 2) with the channel width marked B and active length of 
the channel marked l. The channels were named according to 
the institution where they are located: first and second channels 
in Laboratory of Water Management Research in the Institute 
of Water Structures at the Faculty of Civil Engineering at the 
Brno University of Technology (BUT 0.5 and BUT 1), the third 
one in the Department of Hydraulic Engineering at the Faculty 
of Civil Engineering at the Slovak University of Technology in 
Bratislava (SUTB). The channels were provided with transpar-
ent side walls made of glass (BUT 1 and SUTB) or 
polymethylmethacrylate (PMMA) (BUT 0.5). Horizontal chan-
nel beds were made of PMMA (BUT 0.5), polished concrete 
(BUT 1) and stainless steel (SUTB). All channels were 
equipped with water recirculation. 

Full-width sharp-edged broad-crested rectangular weirs 
(Fig. 3) B = b, length L in the direction of flow and height 
P = PU = PD (Table 3) above the channel bed were made of 
0.010 m thick polyvinylchloride (PVC) boards with reinforce-
ment ribs (to avoid deformation). The surface was smooth with 
sharp edges. The weirs in the channels were sealed by silicon 
sealant. Their position was chosen to ensure sufficiently long 
approach lu and outflow ld channel sections with developed 
velocity profile (Table 2). 

The discharge Q (Table 3) was measured in the supply pipe 
by flow meters (Table 2); position of water level in outflow 
channel was set by adjustable tailgates (Table 2). Water level in 
approach channel in the distance of 3h in front of the upstream 
weir face and water level in outflow channel 10h after the 
downstream weir face (ISO 3846, 2008) were measured by 
needle gauges (Table 2). Due to the waves formed in the out-
flow channel, floating board of foam PVC was installed in front 
of the profile where water level was measured. Water tempera-
ture ranged from 18°C to 22°C. Range of measured heads, h, 
(Table 3) was chosen with respect to the requirements set in the 
definition of broad-crested weirs not affected by friction and 
surface tension. Detail information on channels, weirs and 
measurements can be found in publications listed in Table 3. 

Modular limit was determined by means of polynomial ap-
proximation curve for Cf = f{Hf/H} only in the case of sub-
merged flow (Cf < 1). Extrapolation of the approximation curve 
up to Cf = 1 defined the modular limit Hf0/H. The method was 
suitable due to the sufficiently high number of measurements 
taken under submerged flow conditions. 

To verify usability of results for all weirs, values of Cd under 
free flow conditions were analysed in the ranges of 
0.10 ≤ h/L ≤ 0.30, h ≥ 0.06 m, h/b ≤ 0.5 (Fig. 2). The analysis 
proved that within the determination uncertainty, values of Cd 
do not depend on used values of b and L but only on h/P pursu-
ant to the recommendation by Zachoval et al. (2014a). 
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Table 2. Channel parameters. 
 

ID 
l 

(m) 
B = b 
(m) 

lu 
(m) 

ld 
(m) 

Flow meter, uncertainty at 95% confi-
dence interval 

Tailgate 
Gauge, resolution 

(mm) 
BUT 0.5 6 0.503 4.0 1.5 electromagnetic, ±0.2% needle point, 0.5 

BUT 1 12 1.003 8.0 3.4 
V-notch weir,  

±1.0% to ±1.6% 
sluice point, 0.1 

SUTB 7.5 0.409 5.5 1.5 electromagnetic, ±0.2% flap point, 0.1 

 
Table 3. Weir parameters and range of measured quantities (N number of measurements). 
 

ID 
L 

(m) 
P = PU = PD 

(m) 
Q 

(m3/s) 
h 

(m) h/L h/P h/b N Reference 

BUT 
0.5 

0.5 
0.051, 0.100, 0.150, 
0.200, 0.250, 0.300 

0.010–0.065 0.060–0.220 0.11–0.44 0.20–4.14 0.11–0.44 234 
Zachoval and Roušar 

(2014) 

BUT 1 0.6 
0.052, 0.113, 0.254, 

0.603 
0.022–0.112 0.061–0.285 0.10–0.48 0.10–4.03 0.06–0.28 193 Zachoval et al. (2014a) 

SUTB 0.5 0.150 0.022–0.038 0.109–0.244 0.22–0.49 0.73–1.63 0.27–0.6 14 Rumann (2014) 

 
EVALUATION 
Modular limit 

 
Visual observation and photographic documentation of the 

experiments under modular limit conditions implied that the 
water level on the weir crest mainly depends on the ratios of 
h/L and h/P. Undular hydraulic jump appears on the crest. If 
h/L = 0.1, three wave peaks are formed; if h/L = 0.4, one peak 
is formed. Formation of the undular hydraulic jump complies 
with the observations and measurements by Berezinskij (1950), 
Hager and Schwalt (1994) and Wols (2005). 

Verification of applicability of Equation (16) to determine 
Hf0/H on the basis of the h/P ratio is illustrated in Fig. 4 for 
smooth surfaces. The graph includes values from the actual 
experimental research (Rumann (2014) – SUTB; Zachoval and 
Roušar (2014) – BUT 0.5; Zachoval et al. (2014) – BUT 1) and 
values defined by other authors (Halliwell and Hill (1967) 
specified in Markland et al. (1967)) in the ranges of 
0.10 ≤ h/L ≤ 0.30, h ≥ 0.06 m and h − hf > 0.01 m. For compari-
son purpose, curves defined by calculation from Equation (16) 
showing the limits of h/L for the approximately medium head 
over the weir measured in experiments for h = 0.1 m are depict-
ed. The graph implies that with respect to measuring uncertain-
ty, Equation (16) provides sufficiently accurate results for ma-
jority of the measured data within the entire range, i.e. 
0.10 ≤ h/P ≤ 3.0.  

It is not possible to verify Equation (16) upon measurements 
for PU ≠ PD, different relative roughness and different kinetic 
energy coefficients as there are no measured data. In these 
cases, the equation is not verified. Provided it could also be 
used for PU ≠ PD, the effect of certain quantities and ratios may 
be analysed as shown in Fig. 5. Modular limits are illustrated 
by 6 curves. The curves for h/PU = 0.52 refer to upper limit of 
high weirs where the values of Cd and hC/H are independent of 
the h/PU (17a, 18a). Curves for h/PU = 2.5 are limit curves for 
determination of hC/H (18b). The values for h/L = 0.1 and 
h/L = 0.3 define the range in which the value of Cd is independ-
ent of the h/L ratio. To express the scale effect caused by fric-
tion and surface tension, minimum head over weir not affected 
by friction and surface tension was defined to be h = 0.06 m 
(ISO 3846, 2008; Zachoval et al., 2014); maximum value for 
practical use was set to h = 10 m. The graph in Fig. 5 implies 
that all the above effects in ranges 0 ≤ h/PD ≤ 1, 0 ≤ h/PU ≤ 2.5, 
0.10 ≤ h/L ≤ 0.30, h/b ≤ 0.5 and for smooth surfaces are negli-
gible, and can be substituted by a single curve. In the case of 
h/PD > 1, the effects are different and cannot be neglected.  

Equation (16) is applicable only to broad-crested weirs in the 
range of 0.10 ≤ h/L ≤ 0.30. The Equation (16) cannot be used 

for other ranges, as the flow is not described sufficiently. To 
justify the use of the adopted simplification when deriving the 
Equation (16), graph of the relation between the relative indi-
vidual head loss hzi/hz and h/PD for smooth surfaces and for 
limit cases was elaborated. Two limit cases were specified form 
Fig. 5 as approximate envelope of all curves in Fig. 5: 
h/PU = 2.5, h/L = 0.3, h = 10 m and h/PU = 0.52, h/L = 0.1, 
h = 0.06 m. The relation is presented in Fig. 6. The graph shows 
that when h/PD increases, the values of hzUC/hz, hzCT/hz, hzCE/hz a 
hzED/hz increase but the ratio of hzE/hz decreases. Within the 
sum, two individual relative losses, hzUC/hz and hzE/hz, are dom-
inant (67% to 98%). The individual significance of other rela-
tive losses is relatively small, so the adopted simplifications can 
be considered acceptable for this case. 

Practical use of Equation (16) is difficult, because the for-
mula is very complicated. However, a simple, generally appli-
cable equation with high accuracy cannot be found. Simplifica-
tion of the equation results in limited applicability range. For a 
common case of real application: smooth surfaces, PU = PD, 
0.10 ≤ h/L ≤ 0.30, h/b ≤ 0.5 and range 0 ≤ h/P ≤ 3.5, the Equa-
tion (16) can be approximated by the following formula  

 
0.71

0 0.71 0.18 arctanfH h
H P

 = + ⋅  
 

, (23) 

 

where the coefficient of determination is R2 = 0.94 for the data 
measured by us (Table 3). Equation (23) is (if Equation (16) is 
valid) applicable also for PU ≠ PD for ranges 0 ≤ h/PD ≤ 1, 
0 ≤ h/PU ≤ 2.5, 0.10 ≤ h/L ≤ 0.30, h/b ≤ 0.5 and for smooth 
surfaces (P in the Equation (23) is replaced by PD). Curve for 
Equation (23) is shown in both Fig. 4 and Fig. 5 which imply 
good agreement with Equation (16) as well as the measured 
data.  
 
Submergence coefficient 

 
The Cm = 2/5 and the C = 1 were determined by the method 

of least squares (while respecting uncertainties of measure-
ment) and with use of Equation (23) from all measured data 
fulfilling the conditions 0.1 ≤ h/P ≤ 2.5, 0.10 ≤ h/L ≤ 0.30, 
h/b ≤ 0.3, h ≥ 0.06 m and h − hf ≥ 0.01 m. The submergence 
coefficient, Cf, for PU = PD is then 

 
2/53/2

0

0

1 f f
f

f

H H
C

H H

  − = −    −  

. (24) 
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Fig. 4. Dependence of Hf0/H and h/P; data complying with re-
quirements on PU = PD, h ≥ 0.06 m, 0.10 ≤ h/L ≤ 0.30, h/b ≤ 0.5, 
h − hf > 0.01 m and smooth surfaces. 

 

 
Fig. 5. Dependence of Hf0/H and h/PD for smooth surfaces. 

 

 
Fig. 6. Relation between hzi/hz and h/PD for smooth surfaces. 

 

 
Fig. 7. Dependence of Cf on (Hf − Hf0)/(H − Hf0), measured data. 

The measured data and Equation (24) were plotted on a 
graph in Fig. 7. The graph shows good agreement (with respect 
to uncertainties in measuring small difference h – hf) with the 
data measured within the range 0 ≤ (Hf − Hf0)/(H − Hf0) < 0.7. 
For PU ≠ PD, the exponent Cm, and coefficient C could not have 
been determined due to the lack of measured data.  

Comparisons of the calculated coefficients by Equation (24) 
Cf Eq. (24), by Azimi et al. (2014) equation Cf Azimi et al. (2014), by the 
Berezinsky (1950) equation Cf Berezinsky (1950), by the Hager and 
Schwalt (1994) equation Cf Hager and Schwalt (1994) and computed 
coefficients from measurement Cf are shown in the Fig. 8 to 
Fig. 11. The figures imply that the Cf is computed most accu-
rately by Equation (24), Azimi et al. (2014) computed the val-
ues inaccurately, Berezinsky (1950) computed the values rela-
tively accurately in the whole range of measured data, and 
Hager and Schwalt (1994) computed the values relatively accu-
rately in the range of 0.8 < Cf ≤ 1.0. In Fig. 12, comparison of 
the coefficients calculated by the Villemonte equation with 
C = 1.18 and Cm = 0.14 determined by the method of least 
squares Cf Villemonte with the Cf is shown. The computed values 
are relatively accurate only in the range of 0.85 < Cf ≤ 1.00. 
Consequently, the original formula of Villemonte equation is 
less suitable for broad-crested weirs.  
 
Method of determining the discharge 

 
Recommended method of determination of the discharge, Q, 

for an overflow with identical heights of weir faces PU = PD and 
smooth surfaces is: 

• Measure the quantities P, h, hf, L, b and define αU, αD 
(estimate or from measurement). Calculate the ratios h/L, h/P, 
h/b. 

• Verify the applicability of relations for the calculation 
where h ≥ 0.06 m, 0.1 ≤ h/P ≤ 3.0, 0.10 ≤ h/L ≤ 0.30, h/b ≤ 0.33 
must be met and the uncertainty of determining the difference 
between water levels in profiles U and D must be lower than 
the maximum permissible uncertainty of Q determination. 

• Calculate Hf0/H from Equation (23) and Cd from 
Equations (17). By iteration with use of Equations (1, 2, 3), 
calculate Q for free flow and then Hf/H. If Hf/H < Hf0/H, free 
flow conditions apply and the calculation is completed; if not, 
the conditions comply with submerged flow and the following 
step is to be taken. 

• Determine Q by iteration with use of Equations (1, 2, 
3, 17, 23, 24). 

 

 
Fig. 8. Graph of agreement between Cf Eq. (24) and Cf. 
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Fig. 9. Graph of agreement between Cf Azimi et al. (2014) and Cf. 
 

 
Fig. 10. Graph of agreement between Cf Berezinsky (1950) and Cf. 
 

 
Fig. 11. Graph of agreement between Cf Hager and Schwalt (1994) and Cf. 
 

 
Fig. 12. Graph of agreement between Cf Villemonte and Cf. 

 

CONCLUSION 
 
The article introduces derivation of the equation to deter-

mine modular limit expressed by the Hf0/H ratio for full-width 
sharp-edged broad-crested rectangular weir in the range 
0.10 ≤ h/L ≤ 0.30 situated in a channel of rectangular cross-
section without the effect of friction on side walls and surface 
tension (16). After analysing the practically applicable ranges 
and for the case of identical heights of weir faces PU = PD, the 
equation was replaced by simple and sufficiently accurate em-
pirical Equation (23) which is, in limited range, also probably 
applicable (is not verified by measured data) for PU ≠ PD. The 
article also presents derivation of the equation to determine 
submergence coefficient, Cf, with empirically defined exponent 
Cm valid only in the case of PU = PD. The result is a system of 
equations describing both free and submerged flow over weir. 
The described system of equations enables a more accurate 
calculation of the discharge than those of other above men-
tioned authors. In the range 0.65 < Cf ≤ 1.00, the error in Cf 
definition amounts to ±10%. 

Considerable extent of the experimental research enabled 
verification and simplification of the derived equation for mod-
ular limit and determination of the exponent for submergence 
coefficient. Within the experimental research, effort was made 
to measure the data as accurately as possible for the entire 
range of broad-crested weirs where the discharge coefficient for 
free flow is independent of the h/L ratio.  

The research implied some important knowledge. Determi-
nation of modular limit is dependent on the used method (ex-
trapolation of the approximation curve, agreed value of the 
change of water surface level in profile U etc.) which affects 
the evaluation by considerable uncertainty. At modular limit, 
water level in the outflow channel undulates, which is why 
mean value shall be considered with respect to both time and 
area (within the wave length). With the increase in value of the 
(Hf − Hf0)/(H − Hf0) ratio, the uncertainty of determining the 
difference of water levels at profiles U and D increases; analy-
sis of its effect is therefore recommended for each case. 
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NOMENCLATURE 
 
b weir width  (m) 
B channel width  (m) 
C proportional coefficient 
Cd discharge coefficient  
Cdd discharge coefficient 
Cf submergence coefficient 
Ck coefficient 
Cm power law exponent 
Cv approach velocity coefficient 
Fr Froude number 
g gravitational acceleration  (m/s2) 
h head, depth  (m) 
hf submergence head  (m) 
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hz head loss  (m) 
H total head   (m) 
Hf total submergence head  (m) 
i slope 
ks hydraulic roughness  (m) 
l length   (m) 
L weir length in direction of flow  (m) 
N number of measurements 
P weir height  (m) 
q specific discharge  (m2/s) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Q discharge   (m3/s) 
R2 coefficient of determination 
v mean velocity at a cross-section  (m/s) 
α kinetic energy coefficient 
ξ minor loss coefficient 
Subscripts: 
d downstream 
u upstream 
0 modular limit 
U, C, T, E, D profiles 


